N atural ~eneralizations. of the quatemion algebra called quatemionlike algebras (ql algebras) are c~nsl~ered. The nO~lOn of a Lie algebra induced by a ql algebra is introduced and a c1asstfica~lOn of such LIe algebras is presented. It is shown that local Lie groups defined by Lie algebras lOduced b~ ql algebras exhaust, with accuracy to local isomorphisms, all local Lie groups endowed wIth some simple composition laws of their local parameters.
I. INTRODUCTION
It is well known l that the group SO(3; R) [SO(2, I; R) ] is locally isomorphic to the local Lie group2.3 (R 3,rp) , where rp is a mapping of some sufficiently small open neighborhood : = d~ag( -1, -1, -1) [for SO(2, l; R) , (gjj) : = dlag ( 1,1, -1)] enables one to lower the indices i,j, ... according to the rule x;: =gjjxi, y;: =gijy j ; the summational convention applies.
The composition law (1.1) is very attractive because of its simplicity. Therefore the natural question arises whether the formula (1.1) is "rigid," or whether, by changing ~jk and gij into more general real or complex objects, assuming also that x, y, z are elements of R n or en , respectively, with a suitable n, one can find the composition laws for some other local Lie groups. In the present paper we answer this question. In Sec. II we consider the associative algebras which generalize the quatemion algebra in a natural manner and due to this fact we call them quatemionlike algebras, or, briefly, ql algebras. In particular they contain the quatemion algebra and the generalized quatemion algebra.
4 ,5
If Q is an (n + 1 )-dimensional ql algebra (n;;;' 1) over F ( = R or C), then, as we shall see in Sec. II, there exists a unique decomposition Q = Fe o EB V, where eo is the unity of Q and V is an n-dimensional vector subspace of Q such that for each vector VE V, vveFe o . Then, for any V,WE V their commutator [v,w] : = vw -wv belongs to V. Thus the pair ( V [ . , . ] ) is an n-dimensional Lie algebra over F which we call a Lie algebra induced by Q and denote by QL . It appears that the local Lie group defined by QL is locally isomorphic to some local Lie group with composition law being the modification of the formula (1.1) as it has been described above. To establish this isomorphism we define some n-dimensional Lie group H Q which is a suitable subset of Q and aJ On leave of absence from the University of Warsaw, Warsaw, Poland.
~e show that the Lie algebra of HQ can be identified with QL' We find a local coordinate system in a neighborhood of the identity of H Q such that the composition law expressed in terms of this local coordinate system is just the appropriate modification of ( 1.1 ). In this way one finds a mapping from the class of all nonisomorphic ql algebras onto the class of all locally nonisomorphic local Lie groups the composition laws of which are some definite modifications of the law ( 1.1 ) . We will prove also that for ql algebras of dimension n + 1 > 2 this mapping is 1: 1. The local coordinate system we have just spoken about enables us to write down in a concise form the Baker-Campbell-Hausdorff series 1.2.5.6 for the elements of any QL algebra. Our formula is an obvious generalization of the analogous formulas given for the Lie algebras SO(3; R) and SO(2, 1; R).1.6.7 Moreover, it can be found that if Q is the quatemion algebra, then the group H Q appears to be the group of alI quatemions of norm 1 and one has the well-known isomorphismH Q =SU(2). In Sec. III the classification of Lie algebras induced by ql algebras is given. Thus, of course, the classification of local Lie groups endowed with the composition laws being simple modifications of (1.1) is also given. We study real and complex algebras separately. Employing the results of Bianchi, S Behr et al., 9 Ellis and MacCallum, t° MacCallum, II, 12 Mubarakzyanov, 13 Morozov, 14 and Patera et al. 15 , 16 we list all real Lie algebras of dimension 2<n<6 induced by real ql algebras.
Concluding remarks close our paper.
11_ QUATERNIONLIKE ALGEBRAS, INDUCED LIE ALGEBRAS, AND LOCAL LIE GROUPS
Let Q be an (n + 1 )-dimensional (n> 1) algebra with unity eo over F ( = R or C) for which there exists a decom- 
Proof: It is a straightforward matter to show that Eq. (2.4) yields (2.8) and then, by (2.3), also (2.7). Contracting (2.7) with respect to the indices 1 and k, and then with respect to 1 and i one gets
(2.10) (2.11 )
Changing the index k -+ i in formula (2.11) and adding the result to (2.10), employing also (2.3), we obtain (n + 1)
(2.12) Contracting Eq. (2.4) with respect to the indices 1 and k, utilizing (2.12) and (2.3), one gets (2.9).
• Our analysis of the conditions under which Q is an associative algebra is closed by the following theorem. Theorem 2.3: For n¥3, Eqs. (2.4) and (2.5) yield the following formula:
(2.13)
Proof: For n = 1, Eq. (2.13) holds. If n ¥ 1, then contracting (2.4) with cj Ip' using also (2.3), (2.5), and (2.9), we have (n -3) Kpm cm ki = O. Thus the theorem holds .
•
The most distinguished example of our algebras is the quaternion algebra which is realized when n = 3 and C\j = 2€kij (~Kij = -4/ji j ). Then taking n = 3 and C\ = 2a k €kij (~Kij = -4ai/j~; of course, there is no summation over i or k) with a 3 = lone constructs the so-called generalized quaternion algebra (see van der Waerden,4 §93, Jacobson,5 Sec. X, §7). The cited examples make it reasonable to call our algebras quaternionlike algebras. Thus we arrive at the definition.
Definition 2.1: A quaternionlike algebra (ql algebra) is an associative algebra Q with unity admitting the decompo-
If Q is an (n + I) -dimensional ql algebra over F and
is an n-dimensional Lie algebra over F which we call a Lie algebra induced by Q and we denote it by QL . From (2.2) it !"?llows that the numbers C k ij are the structure constants of QL with respect to the basis el, ... ,e n . Then from (2.9) one finds that the numbers (n -1) Kij constitute the components of the Killing tensor of QL (Refs. 2 and 5) with respect to the basis el, ... ,e n . Letq = qOe o + qi e i be an element of an (n + I)-dimensional ql algebra Q. Then, the vector q: = qOe o -qi eiEQ is said to be a conjugate vector to the vector q. Define the following subset of Q:
(2.14)
Employing the formulas (2.4) and (2.5) one can easily check that the set H Q together with the multiplication inherited from Q constitute a group. Moreover, as Q possesses a differentiable structure of F n + I , then H Q is an n-dimen- 
Y y=O Therefore, the numbers C ~k are the structure constants of the Lie algebra of HQ [and, of course, of (Fn,rr Q ) (x,y)eU, (y,z)eU, (rr(x,y),z) eU, and (x,rr(y,z) lEU, then rr(rr(x,y),z) = rr (x,rr(y,z») .
Simple manipulations show that (2.18) is satisfied iff Eqs. (2.4) and (2.5) hold. Thus the proof is complete.
• From Theorem 2.5 and our previous considerations it follows that there exists a 1: 1 correspondence between the class of all nonisomorphic ql algebras of dimension > 2 and the class of all locally nonisomorphic local Lie groups of dimension > 1 endowed with the composition laws of the form (2.15), where Kim andC~k = -C i kj are the elements of F. Every Lie algebra induced by a ql algebra can be identified with the Lie algebra of the corresponding local Lie group. One easily finds that in the case of the quaternion algebra [QL =so(3; R) ] theformula (2.15) turns into (1.1) with (gij) = diag( -I, -1, -1); in the case of the generalized quaternion algebra such that [QL =so(2, I; R) ] the formula ( 2.15) yields (1.1) with (gij) = diag (1,1, -1) . The latter results in a slightly different formalism than was found by Plebanskp·7 many years ago. It is now evident that the composition law (2.15) appears to be a natural generalization of (1.1).
We close the present section with some considerations on the Baker-Campbell-Hausdorffformuia for the elements of the Lie algebras induced by the ql algebras.
Let Q be an (n + 1) -dimensional ql algebra over F and QL the Lie algebra induced by Q. Ifv = Vi eieQL' then using sinha . tanh a .
a cosh a a (2.20) This is the "tangential" parametrization l ,6,7 generalized on an arbitrary
where V#w is the Baker-Campbell-Hausdorff series. where (xly): = -lKijxyj, xl\y: = !C~kxjykei' Then inserting (2.25) into (2.24) and understanding that the righthand side of (2.24) is a "formal sum" of the Baker-Campbell-Hausdorff series we find the Baker-CampbellHausdorff formula in a concise form for arbitrary V,WEQL . This result is an obvious generalization of the one given for the Lie algebras so(3;R) and so(2,1;R) (see Refs. 1,6, and 7).
III. CLASSIFICATION OF LIE ALGEBRAS INDUCED BY QUATERNIONLIKE ALGEBRAS
In this section we present the classification of Lie algebras induced by ql algebras. Thus, at one stroke, we get also the classification of the local Lie groups endowed with the composition laws of the form (2.15). From Theorem 2.3 it follows that the case of n = 3 is rather a particular one and it should be examined separately. First we consider real Lie algebras and then complex Lie algebras.
A. Real Lie algebras

1.n=3
All nonisomorphic three-dimensional real Lie algebras were found by Bianchi. 8 Then Bianchi's classification has been reformulated by Behr et al. 9 and Ellis and MacCallum. lo We follow them (see also MacCallum ll • l2 and Spindel 17 ).
The structure constants of a three-dimensional Lie algebra can be written as follows:
where Mil = M Ii , Eljk is the totally antisymmetric Levi-Civita symbol, and
Then the Jacobi identity (2.8) is equivalent to the relation
From (2.9) and (3.1), utilizing also (3.2), one gets (3.3 )
Inserting (3.1) and (3.3) into (2.5), employing (3.2), we conclude that Eq. (2.5) is satisfied iff
As (3.4) holds true, the condition (2.5) is fulfilled automatically without any further assumptions. Consider now the consequences of (2.4). From (3.1) and (3.2) we find
Substituting (3.3) and (3.5) into (2.4) we arrive at the conclusion that Eq. (2.4) is satisfied iff
Gathering the present results we can see that a three-dimensional real or complex Lie algebra is induced by a ql algebra
For each three-dimensional (real or complex) Lie algebra there exists a basis e l , e 2 , e 3 such that
Then from (3.2) and (3.7) we have Let now N = O. In the real case this condition characterizes all three-dimensional real Lie algebras of class A. Then rescaling, if necessary, the basic vectors e j we can make all nonzero ~ either 1 or -1. Thus one arrives at the following nonisomorphic three-dimensional real Lie algebras with N = 0 (we apply the Bianchi-Behr classification) :
(3.11 )
Concluding, type V and all the types in (3.11) exhaust all three-dimensional real Lie algebras induced by real ql algebras (see also Table I ). One finds immediately that the Lie algebras so(3;R) and so(2,1;R) are of types IX and VIII, respectively.
2.n;i3
For n = 1 we have C III = 0 and our one-dimensional real Abelian Lie algebra appears to be induced by a twodimensional real ql algebra. Evidently the latter assertion holds true for the complex case, too.
Let n > 1 and n =1= 3. Contracting Eq. (2.4) with Kpi and utilizing (2.13) one gets Kj[jKpJk =0, (3.12) where [j p] stands for the antisymmetrization with respect to the indices j, p. From (3.12) it follows that Kij is ofthe form (3.13 )
Consider first the case ofthe rank (Kjj ) = 1. Then, we can always choose the basic vectors e j so that
(3.14)
The condition (2.13) with the use of (3.14) gives cnjj =0. It is easy to check that a suitable linear transformation brings the leftmost matrix in (3.24) to the diagonal form (~ ~ 1 ).
Gathering the above results, we can see that if, in Eq. (3.14), £ = 1, then there exists a basis e i such that (3.25) and also (3.14) with £ = 1 holds true. (For three-dimensional real Lie algebras this is the case of the Bianchi-Behr type V, £1 = 1 = £2' or of the type VIo, £1 = 1 = -£2') Assume now £= -1.
(3.26)
Then the eigenvalues of (cap) are ± i. Utilizing (3.18) with (3.26) one finds that the matrices A", defined by (3.22) and (3.23), are ofthe form A,,=e ~1).
(3.27) Therefore, by some obvious changing of a basis, the matrix (C a p ) can be brought to the following form:
where I( 112)(" _ I) is the identity matrix of degree! (n -1).
Equations (3.15), (3.20), and (3.14) with £= -I hold true. Note that (cap) satisfying Eq. (3.18) with £ = -1 defines an almost complex structure l8 on a real vector space generated by el, ... ,e,,_ I' (One can easily check that for three-dimensional real Lie algebras, precisely the type VIlo belongs to the just considered algebras.)
Finally let us remark that real Lie algebras induced by ql algebras and such that rank (K ij ) = 1 (3.29) are solvable but non-nilpotent Lie algebras. 2, 5, 19, 20 Consider now the case of (Table I) all nonisomorphic real Lie algebras of dimension 2 <;n <; 6 induced by ql algebras omitting the Lie algebras which are algebraic sums of algebras oflower dimension. We follow the works of Behr et al., 9 Ellis and MacCallum, 1O MacCallum, 11, 12 and Patera et al. 15 , 16 
B. Complex Lie algebras
In the complex case the considerations are very similar to those concerning real Lie algebras. The only difference is 534 J. Math. Phys., Vol. 29, No.3, March 1988 that some algebras that are nonisomorphic on the real level appear to be isomorphic after complexification. Thus one finds that for n = 3 the complex Lie algebras VIII and IX are isomorphic to sl(2;C) and also the complex types VIo and VIlo overlap. Generally we conclude that for every n > 1 an n-dimensional complex Lie algebra induced by a complex ql algebra for which rank(Kij) = 1 possesses a basis el, ... ,e n such that the structure constants with respect to it take the form (3.25).
IV. CONCLUDING REMARKS
The main results of the present paper can be summarized as follows.
An n-dimensional real Lie algebra appears to be the one induced by a ql algebra if and only if it belongs to one of the following types.
( 1) An Abelian Lie algebra.
(2) A nilpotent Lie algebra of the nilpotency class 2, i.e., a non-Abelian Lie algebra for which C ~m C m kl = 0, i,j, ... = l, ... ,n. where cap: = ca"p, and 1(112)("_1) is the identity matrix of degree !(n -1); i,j = l, ... ,n; a, p, r = 1, ... ,n -1.
( 4) A Lie algebra isomorphic to su (2) . ( 4') A Lie algebra isomorphic to sl (2;R ) . In the complex case one has the types (1), (2), (3) and the following.
( 4") A Lie algebra isomorphic to sl (2; C) . The above presented list gives also a classification of all real or complex local Lie groups endowed with the composition laws of the form (2.15).
Finally let us note that our considerations on ql algebras appear to be closely related to the problem of a definition of a cross product in a vector space of an arbitrary dimension. (Weare indebted to Professor J. Adem for this suggestion. The paper on this subject has been submitted to the Journal of Mathematical Physics 21 ; see also Ref. 22 .)
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